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We find that the hierarchical organization of the potential energy landscape in a model supercooled
liquid can be related to a change in the spatial distribution of soft normal modes. For groups of
nearby minima, between which fast relaxation processes typically occur, the localization of the soft
modes is very similar. The spatial distribution of soft regions changes, instead, for minima between
which transitions relevant to structural relaxation occur. This may be the reason why the soft modes
are able to predict spatial heterogeneities in the dynamics. Nevertheless, the very softest modes are
only weakly correlated with dynamical heterogeneities, and instead show higher statistical overlap
with regions in the local minima that would undergo non-affine rearrangements if subjected to a
shear deformation. This feature of the supercooled liquid is reminiscent of the behavior of non-
affine deformations in amorphous solids, where the very softest modes identify the loci of plastic
instabilities.
PACS numbers: 61.43.Fs,64.70.Q-,05.20.Jj
Predicting the dynamical and mechanical behavior of
simple liquids and crystalline solids from their structural
properties can be successfully addressed by kinetic the-
ories and elasticity, but this is not the case for glasses.
Structurally, glasses and amorphous solids can be consid-
ered quite similar to supercooled liquids, but identifying
a common link in their theoretical description is a major
challenge. In both cases, the underlying potential energy
landscape (PEL) is characterized by low-frequency nor-
mal modes that are quasi-localized in space [1–5]. These
soft modes represent the flattest directions near minima
in the PEL and appear to play a primary role in both
the dynamics of supercooled liquids and the mechanics
of amorphous solids [6–15]. In supercooled liquids the
soft modes are microscopically correlated with dynami-
cal heterogeneities (DH) and irreversible rearrangements.
Studies of model amorphous solids subjected to quasi-
static shear have also shown that the lowest frequency
normal modes can predict the spatial location of plas-
tic events and extended shear bands in amorphous solids
just prior to the event occurring [12, 16, 17]. These find-
ings raise the question of whether the properties of su-
percooled liquids and amorphous solids are controlled by
similar features of the PEL. For example, could slowing
down of the liquid dynamics and the presence of plas-
tic instabilities in amorphous solids be controlled by the
same soft modes?
Here we investigate the spatial distribution of soft
modes in a model supercooled liquid and find evidence
that the time scale separation typical of glassy dynamics
can be ascribed to a qualitative change in the spatial dis-
tribution of the structurally soft regions. Nearby minima,
that should lie within the same meta-basin (MB, i.e. clus-
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ters of minima grouped together by rapid reversible dy-
namic transitions between them), have very similar soft
mode localization. Instead, the mode localization ap-
pears to change significantly between meta-basins. We
sample nearby minima by applying a shear deformation
to a local minimum, or inherent structure (IS), of the po-
tential energy landscape and find that regions undergoing
non-affine displacements between minima are also corre-
lated with the spatially heterogeneous dynamics associ-
ated with the initial configuration. These non-affinely
rearranging domains overlap strongly with the softest
normal modes, in a manner similar to non-affine defor-
mations in amorphous solids, where the softest modes
have been shown to identify the loci of plastic instabil-
ities. These findings suggest that the soft modes and
non-affinely rearranging regions of the local minima rep-
resent the spatially resolved features of the PEL that link
supercooled liquids and amorphous solids.
We study a model fragile glass former, a two-
dimensional equimolar binary mixture of soft disks in-
teracting via the purely repulsive potential φ(r) =
(σab/r)
12, where σ12 = 1.2σ11 and σ22 = 1.4σ11
[6, 7, 18]. We use 50 statistically independent samples of
size ranging between N = 2000 and N = 8000 particles,
equilibrated at temperatures spanning the supercooled
regime of dynamics (between T = 2.0 and T = 0.36). All
quantities are reported in reduced units, with the length-
and energy-scale σ11 and , respectively. For T < 0.36
we could not reach full equilibration.
We start by comparing the spatial localization of soft
regions in nearby configurations. To identify the struc-
turally soft regions of each initial equilibrated configura-
tion X = {ri} we use the iso-configurational DW-factor
(DWF). This is defined for each particle i as the vari-
ance of its position during a time interval tDW = 10τ ,
which corresponds to the short-time β-relaxation regime
at T = 0.4, averaged over multiple runs originating
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2from X. In supercooled liquids, this quantity has been
shown to be spatially correlated with the soft mode lo-
calization in the IS Xq = {rqi } belonging to X[6, 7].
Starting from X, we sample nearby minima by comput-
ing the IS Xdq = {rdqi } of the deformed configuration
rdi (γ) = ri + γyiex, using conjugate gradient minimiza-
tion. Here γ is the magnitude of a planar shear defor-
mation, applied following the procedure in Refs. [19, 20].
The soft modes of Xdq are obtained by analyzing the lo-
cal curvature of the PEL at {rdqi } by diagonalizing the
Hessian matrix to obtain the 2N eigenfrequencies {ωj}
and the normalized eigenmodes {eωj}. To characterize
the soft mode localization, we calculate the participa-
tion fraction of each particle i in each eigenmode eωj as
f ji = |~eiωj |2 (where ~eiωj is the displacement of particle i
along the eigenmode eωj ) and sum this over the Nm low-
est frequency modes to obtain pi =
∑Nm
j=3 f
j
i . Note that
we have excluded the two zero-frequency modes (with in-
dex j = 1, 2) associated with the translational motion of
the center of mass.
Fig. 1(a) shows the magnitude of the statistical over-
lap ODW,pdq between the DW-factor of the initial con-
figuration X and the soft mode localization in the IS
of the deformed configuration Xdq as a function of γ.
Throughout the paper, for properties A and B belong-
ing to the same configuration, we define their overlap as
OA,B = 2(NA + NB)
−1∑N
j=1 Θ(Aj)Θ(Bj), where Aj is
the value of quantity A for particle j, NA =
∑
j Θ(Aj)
and NB =
∑
j Θ(Bj). Θ(Aj) = 1 if the value of Aj
is within the top 25% and belongs to a cluster of more
than two particles that satisfy this criterion, otherwise
Θ(Aj) = 0 [6]. Error bars are given by the standard de-
viation over our 50 independent samples. In Fig. 1(a),
for small γ, the overlap ODW,pdq is essentially indepen-
dent of γ and increases as the temperature is lowered.
However, the overlap drops as γ is increased beyond
γc ≈ 0.071±0.024. This value appears to be independent
of temperature and system size, indicating that, over the
entire landscape influenced regime of temperature, the
spatial distribution of structurally soft regions does not
change significantly until γc. This transition is accompa-
nied by other changes in the properties of Xdq (see Fig.
1(b)). For small γ, the IS energy eIS(γ) is approximately
constant but starts to increase around the same value
of γ where the overlap ODW,pdq decreases. This shows
that deformation magnitudes of the order of γc push the
system into local minima that are energetically less fa-
vorable than those sampled by thermal fluctuations. We
also find that the increase in the IS energy is accompa-
nied by a rapid increase in the average shear stress σdqxy(γ)
of Xdq (see inset), which reaches a maximum around γc,
before dropping back to a value close to zero (see Ap-
pendix A).These results support the conclusion that γc
is a characteristic property of the PEL.
The change in the spatial distribution of soft regions
that is captured by γc provides a new perspective on
the hierarchical structure of the amorphous PEL. On
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FIG. 1. (a) ODW,pdq as a function of the shear magnitude
γ. N = 2000 particles (filled symbols) and N = 8000 par-
ticles (open symbols). Dashed line is ODW,RND, the overlap
with a randomly distributed variable, for N = 2000. (b) The
normalized average IS energy eIS as a function of γ. Inset:
average shear stress σdqxy for X
dq as a function of γ. Solid line
is deIS
dγ
at T = 0.36.
the side of dynamics, the observation of frequent re-
crossings between nearby ISs has led to the concept of
MBs, defined as the collection of minima connected by
transitions with greater than 50% probability of return
[3, 21]. Transitions between MBs have since been iden-
tified with higher energy barriers and local irreversible
cage-breaking events [3, 22–24]. The spatial pattern of
DH, which is correlated with the soft mode localization,
has also been shown to change upon transitions between
MBs [6, 22, 25]. Hence, the change in the spatial distri-
bution of soft modes that we detect for γ > γc could be
related to MB transitions. Indeed, the value of γc that
we calculate is similar in magnitude to the typical dis-
tance found for the separation between MBs [21, 26, 27].
On the side of mechanics, recent work on sheared amor-
phous solids [28] suggests that γc may also be related to
the onset of irreversible mechanical relaxation processes.
A transition from reversible particle motion to diffusive
behaviour is in fact detected at a critical shear amplitude
0.07, very close to γc. Overall, our results suggest that
relaxation processes which have a low probability of be-
ing reversed in supercooled liquids and in sheared glasses
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FIG. 2. Temperature dependence of the spatial correlation
between dynamic heterogeneities and some properties of the
underlying potential-energy landscape, as defined in the text.
For the non-affine displacements we use γ = 10−4, and for the
soft mode localization we use 1% (Nm = 160) of the lowest-
frequency modes.
may well be associated with a change in the spatial dis-
tribution of structurally soft regions.
To better understand the implications of the correla-
tions we detect for γ < γc for the supercooled dynamics,
at each T we quantify the spatial distribution of DH us-
ing the dynamic propensity (DP). The DP is defined for
each particle i as the iso-configurational average of its
squared displacement DPi = 〈(ri(tα) − ri(0))2〉iso over
a time interval tα that probes the α-relaxation regime
[29]. In Fig. 2 we plot the overlap between the spatial
distribution of the DP in X, and the spatial distribu-
tion of soft mode localization in Xq and in the nearby
IS Xdq for γ = 10−4, respectively indicated as ODP,pq
and ODP,pdq . The data for ODP,pq expands on previ-
ous results [6, 7] by showing that the overlap between
the propensity and the soft mode localization increases
strongly in the landscape-influenced regime of the dy-
namics [30]. The statistical overlap ODP,pdq is also very
similar to ODP,pq , indicating that the soft mode local-
ization in nearby ISs has a similar degree of spatial cor-
relation with DH. The emerging picture is that the soft
modes of the initial IS are able to predict the spatial pat-
tern of DH occurring over timescales where the system
visits many different minima, because of the very simi-
lar soft mode pattern of minima belonging to the same
meta-basin.
To extend these observations to lower temperature, we
also consider the overlap ODW,pq , since the DW-factor
is less computationally demanding and spatially corre-
lated with the DP [29]. ODW,pq initially behaves sim-
ilar to ODP,pq but, at the lowest temperatures where
we can equilibrate the system, stops increasing and ap-
proaches a plateau. This suggests a crossover to a regime
where the structural contribution to DH stops increasing,
consistent with recent findings on dynamical correlation
lengths [31].
When sampling nearby ISs using a shear deformation
of amplitude γ, one can also identify the regions that un-
dergo non-affine displacements (NAD). The NAD field
{di} is defined as the difference between the ISs belong-
ing to the initial configuration X and the final config-
uration Xd when the affine deformation is subtracted,
i.e. di(γ) = r
dq
i (γ) − rqi − γyqi ex. In amorphous solids,
the NAD field is spatially correlated with the lowest en-
ergy soft modes, the evolution of which can predict the
emergence of a local plastic instability in the material
[16]. In supercooled liquids, the NAD field contains long
range correlations that increase in size upon approach-
ing the glass transition [20, 32], however a direct corre-
lation with the soft modes and with the dynamics has
not yet been established. In Fig. 2 we show the statis-
tical overlap between the spatial distribution of DH and
of the magnitude of the NAD field ODW,|d| measured for
γ = 10−4. This overlap is significantly higher than the
one with a randomly distributed variable ODW,RND and
clearly increases upon entering the landscape-influenced
regime, albeit not as strongly as the overlap of the DH
with the soft modes. This result raises the question of
whether there might be a correlation between the soft
regions where DH are more likely to appear in the super-
cooled liquid and the regions prone to plastic events once
the system has solidified.
Fig. 3 shows, for a typical supercooled liquid config-
uration, the spatial distribution of the DWF (top left);
the magnitude of the NAD field |d| (top right); the spa-
tial distribution of the soft mode localization in the IS Xq
(lower panels) summed over approx. 1.5% (left) and 0.1%
(right) of the lowest-frequency normal modes. We note
that at low temperatures the NAD field shows character-
istic quadrupolar patterns, typical of NAD in amorphous
solids, in agreement with recent findings [33]. The maps
in Fig. 3 reveal the significant correlations between the
DWF, the NAD field, and the soft mode localization that
we have discussed so far. Interestingly, they also suggest
that DH and NAD are sensitive to different subsets of
the soft modes.
We have quantified these differences by computing the
overlaps O|d|,pdq and ODW,pdq as a function of the number
of low-frequency modes Nm included in the participation
sum pdq used to determine the soft mode localization.
The main part of Fig. 4 shows these overlaps in the deeply
supercooled region (T = 0.40) for a small γ = 10−4. We
find that the DWF overlap ODW,pdq increases with Nm
until 160 modes are included, whereas the NAD over-
lap O|d|,pdq decreases from an initial plateau. That is,
about 1% of the lowest-frequency normal modes make
a significant contribution to DH, whereas only the very
lowest-frequency non-trivial modes have similar spatial
structure to the magnitude of the NAD field. These re-
sults suggest that the regions where structural relaxation
is most likely to occur in the supercooled liquid can be
4FIG. 3. (top) Maps of the local Debye-Waller factor (left)
and non-affine displacement (NAD) magnitude (right) for the
same initial configuration of N = 2000 particles at T = 0.36.
For NADs we used γ = 10−4. (bottom) Maps of the soft mode
localization {pi} for Xq, the initial IS, with Nm = 60 (left)
and Nm = 7 (right) of the lowest-frequency modes included.
FIG. 4. Spatial overlaps between the soft modes of the final
IS and, respectively, the DWFs (open) and the NADs (filled),
as a function of the number of modes included in the sum over
participation fractions, for a system of N = 8000 particles at
T = 0.40. Main frame: γ = 10−4; inset: γ = 0.05.
quite distinct from the regions in which local plastic in-
stabilities tend to occur in the amorphous solid. Inter-
estingly, we also find that around γc the overlap between
NAD and the soft modes of the IS after deformation is
no longer sensitive to only the lowest–frequency modes,
but instead exhibits a behavior more similar to the DWF
overlap, as shown in the inset of Fig. 4.
In summary, we have provided new insight into the
role of the spatial distribution of soft modes for the
dynamics of supercooled liquids and explored the link
that the modes provide with the amorphous solid even-
tually formed at the glass transition. Our work suggests
that the separation between fast reversible and slow ir-
reversible relaxation processes, usually associated with
the hierarchical organization of the PEL, can be related
to a qualitative change in the spatial distribution of soft
modes among meta-basins. By investigating non-affinely
rearranging regions of the IS in the supercooled liquid, we
find evidence that the soft modes relevant for DH can be
quite distinct from the ones associated with the mechan-
ical behavior of the solid. Elucidating the nature and
origin of this difference can be important to reach deeper
understanding and control of the liquid/solid properties
of materials close to the glass transition and will be an
interesting subject for future work.
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Appendix A: Stresses in deformed inherent
structures
The relationship between the inherent structure en-
ergy eIS(γ) and shear stress σ
dq
xy(γ) at a given deformation
magnitude γ observed in Fig. 4 can be explained by a sim-
ple analytical argument. Consider a system of N parti-
cles in a volume V interacting via a central pair potential
φ(r). The potential energy per particle in a given config-
uration {ri} is given by e = 12N
∑
ij φ(rij). The inherent
structure energy is defined as the potential energy in con-
figuration {rqi }, eIS = 12N
∑
ij φ(r
q
ij). Consider the IS of
the deformed configuration {rdqi (γ)}. For increments ∆γ
of the shear magnitude from γ to γ + ∆γ, the IS en-
ergy is given by eIS(γ+ ∆γ) = 〈 12N
∑
ij φ(r
dq
ij (γ+ ∆γ))〉.
We assume that the particle configuration {rdqi (γ+∆γ)}
changes only weakly for small ∆γ. Then, the inher-
ent structure energy can be expanded to first order in
∆γ giving deiSdγ = vσ
dq
xy + vΠxy, where v = V/N and
σdqxy = − 12V 〈
∑
ij f
dq
ij,xy
dq
ij 〉 is the average shear stress
in the deformed IS configuration Xdq. Non-affine dis-
placements give rise to additional stress contributions
Πxy =
1
2V 〈
∑
ij f
dq
ij,xdy,ij〉 − 12V 〈
∑
ij f
dq
ij,αδdij,α〉, where
dij = di − dj and δdij its derivative with respect to
γ. We define a local strain tensor of particle i in the
5deformed inherent structure, εdqiα , such that di(γ) ≈
dj(γ)+ε
dq
i ·rdqij holds at least within the interaction range
of the potential. With this definition, the additional
stress can be approximated by Πxy ≈ −〈
∑
i σ
dq
i,xαε
dq
i,yα〉−
1
2V 〈
∑
ij f
dq
ij,αδdij,α〉. The stress tensor for particle i is de-
fined as σdqi,αβ = − 1V
∑
j f
dq
ij,αr
dq
ij,β . At zero temperature
and in the quasi-static limit, Πxy = 0 and we recover the
expression given in Ref. [12]. In our case, we find that
Πxy presents a small correction to σ
dq
xy and therefore the
shear stress σdqxy is roughly proportional to the derivative
of IS energy with respect to γ (the solid line in the inset
to Fig. 1b).
Appendix B: Geometrical picture for NAD
Additional insight into the non-affine displacement
(NAD) field can be obtained by considering the quenches
a1 and a2 to the inherent structures (ISs) of the initial
(X = {ri}) and deformed (Xd = {rdi }) configurations,
respectively. Here, we consider shear deformations of
magnitude γ, rd = (1 + γ)r. In terms of the quench
vectors a1 = r
q − r and a2 = rdq − rd, the NAD can
be written as d = a2 − (1 + γ)a1. For small deforma-
tions, the explicit dependence on the amplitude γ drops
out and the expression simplifies to d ≈ a2 − a1, which
allows to interpret the NAD as the difference of the two
quenches. Figure 5 shows that the normalized magni-
tude of the quench vectors |a1|/N1/2 and |a2|/N1/2 is
very similar and decreases with temperature. The nor-
malized magnitude of the quench vectors (also known as
“return distance” [34]) is a measure for the distance of
the initial configuration to its associated inherent struc-
ture configuration. Therefore, the decrease of |a1| with
temperature is expected, since less thermal excitations
are available at low temperatures and the configurations
are closer to their local minima. Since we consider small
shear magnitudes, the mean distance to the local minima
is only mildly changed due to the shear deformation.
[1] M. Goldstein, J. Chem. Phys. 51, 3728 (1969).
[2] F. H. Stillinger, Science 267, 1935 (1995).
[3] A. Heuer, J. Phys.: Condens. Matter 20, 373101 (2008).
[4] H. R. Schober and G. Ruocco, noop Phil. Mag. 84, 1361
(2004).
[5] S. Abraham and P. Harrowell, J. Chem. Phys. 137,
014506 (2012).
[6] A. Widmer-Cooper, H. Perry, P. Harrowell, and D. R.
Reichman, Nat. Phys. 4, 711 (2008).
[7] A. Widmer-Cooper, H. Perry, P. Harrowell, and D. R.
Reichman, J. Chem. Phys. 131, 194508 (2009).
[8] G. M. Hocky and D. R. Reichman, J. Chem. Phys. 138
(2013).
[9] K. Chen, M. L. Manning, P. J. Yunker, W. G. Ellenbroek,
Z. Zhang, A. J. Liu, and A. G. Yodh, Phys. Rev. Lett.
107, 108301 (2011).
[10] A. Ghosh, V. Chikkadi, P. Schall, and D. Bonn, Phys.
Rev. Lett. 107, 188303 (2011).
[11] C. Brito and M. Wyart, J. Stat. Mech.: Theor Exp. ,
L08003 (2008).
[12] C. E. Maloney and A. Lemaˆıtre, Phys. Rev. E 74, 016118
(2006).
[13] M. Tsamados, A. Tanguy, C. Goldenberg, and J.-L. Bar-
rat, Phys. Rev. E 80, 026112 (2009).
[14] D. Rodney, A. Tanguy, and D. Vandembroucq, Mod.
and Sim. in Mat. Sci. and Eng. 19, 083001 (2011).
[15] L. Yan, G. Du¨ring, and M. Wyart, Proc. Nat. Acad.
Sci. USA 110, 6307 (2013).
[16] A. Lemaˆıtre and C. Caroli, Phys. Rev. E 76, 036104
(2007).
[17] S. Karmakar, A. Lemaˆıtre, E. Lerner, and I. Procaccia,
Phys. Rev. Lett. 104, 215502 (2010).
[18] D. N. Perrera and P. Harrowell, J. Chem. Phys. 111,
5441 (1999).
[19] E. Del Gado, P. Ilg, M. Kro¨ger, and H. C. O¨ttinger,
Phys. Rev. Lett. 101, 095501 (2008).
0.0 0.5 1.0 1.5 2.0
0.0
0.2
0.4
0.6
 
 
<|a1|>/N
1/2
<|a2|>/N
1/2
T
FIG. 5. The normalized average magnitude of the quench
vectors a1 and a2 as a function of temperature (γ = 10
−4).
[20] M. Mosayebi, E. Del Gado, P. Ilg, and H. C. O¨ttinger,
Phys. Rev. Lett. 104, 205704 (2010).
[21] B. Doliwa and A. Heuer, Phys. Rev. E 67, 031506 (2003).
[22] T. F. Middleton and D. J. Wales, Phys. Rev. B 64,
024205 (2001).
[23] V. K. de Souza and D. J. Wales, J. Chem. Phys. 129,
164507 (2008).
[24] V. K. de Souza and D. J. Wales, J. Chem. Phys. 130,
194508 (2009).
6[25] G. A. Appignanesi, J. A. Rodriguez Fris, R. A. Montani,
and W. Kob, noop Phys. Rev. Lett. 96, 057801 (2006).
[26] S. S. Ashwin, Y. Brumer, D. R. Reichman, and S. Sastry,
J. Phys. Chem. B 108, 19703 (2004).
[27] “The typical distance found for the separation between
meta-basins in configuration space in Ref. [21] was about
one particle diameter for a system of 65 particles, corre-
sponding to γ = 1/65 ≈ 0.015.” ().
[28] D. Fiocco, G. Foffi, and S. Sastry, Phys. Rev. E 88,
020301 (2013).
[29] A. Widmer-Cooper and P. Harrowell, Phys. Rev. Lett.
96, 185701 (2006).
[30] “At high temperature the DWF no longer measures par-
ticle localization but our results are robust when tDW is
changed from 10τ to τ .” ().
[31] W. Kob, S. Rolda´n-Vargas, and L. Berthier, Nat. Phys.
8, 164 (2012).
[32] M. Mosayebi, E. Del Gado, P. Ilg, and H. C. O¨ttinger,
J. Chem. Phys. 137, 024504 (2012).
[33] J. Chattoraj and A. Lemaˆıtre, Phys. Rev. Lett. 111,
066001 (2013).
[34] C. Chakravarty, P. G. Debenedetti, and F. H. Stillinger,
J. Chem. Phys. 123, 206101 (2005).
